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RΛ GorensteinͳʢՄ׵ʣਖ਼ن C੔Ҭͱ͢ΔɽRՃ܈M ͕൓ࣹՃ܈Ͱ͋Δͱ͸ɼM ͔Βೋॏ૒ରM∨∨
΁ͷࣗવͳࣹM →M∨∨ ͕ಉܕʹͳΔ͜ͱͰ͋Δɽ
ఆٛ 1ʢ[VdB04b]ʣ ൓ࣹ RՃ܈M ͕ඇՄ׵ΫϨύϯτղফ (=NCCR)Λ༩͑Δͱ͸ɼM ͷࣗݾ४ಉܕ
ͷͳ͢؀ Λ = EndR(M)͕࣍ͷੑ࣭Λຬͨ͢͜ͱͰ͋Δɽ
(1) Λͷ༗ݶੜ੒ӈՃ܈ͷͳ͢Ξʔϕϧݍ͸༗ݶେҬ࣍ݩͰ͋Δɽ
(2) Λ͸ RՃ܈ͱͯ͠ۃେ Cohen-MacaulayͰ͋Δɽ
ʮඇՄ׵ʯͱฉ͘ͱɼطଘͷՄ׵ͳ΋ͷΛแؚͨ͠Ұൠతͳ֓೦ΛΠϝʔδ͢Δํ΋͍Δͱࢥ͏͕ɼඇ
Մ׵ΫϨύϯτղফ (=NCCR) ʹؔͯ͠͸ͦ͏Ͱ͸ͳ͍ɽུশͷ NCCR ͸ Non-Commutative Crepant
Resolution ͷ಄จࣈΛऔͬͨ΋ͷͰ͋ΔɽNCCR ͱରൺ͢ΔͨΊɼزԿֶͷҙຯͰͷΫϨύϯτղফΛ
Commutative Crepant ResolutionΛུͯ͠ CCRͱݺͿྲّྀ΋͋Δɽ
ྫ 2 (1) ؀ R͕ਖ਼ଇͳΒɼRࣗ਎Λ RՃ܈ͱΈͳͨ͠Ճ܈͸ NCCR RΛ༩͑Δɽ
(2) ಛघઢܗ܈ͷ༗ݶ෦෼܈ G ⊂ SL(n,C) Λߟ͑Δɽ͜ͷͱ͖ɼࣗવͳදݱΛ௨ͯ͠ G ͸ଟ߲ࣜ؀
S = C[x1 , · · · , xn]ʹ࡞༻͍ͯ͠Δɽ͜ͷ࡞༻ʹؔ͢Δෆมࣜ؀ SG ͸ɼ঎ଟ༷ମ Cn /GͷΞϑΝΠϯ
࠲ඪ؀Ͱ͋Δɽ͜͜ͰɼՃ܈ͱͯ͠ͷςϯιϧੵ G ⊗ S ʹ࣍ͷΑ͏ͳੵΛఆٛͯ͠ಘΒΕΔ؀ G ∗S
Λߟ͑Δɽ
(g ⊗ f)(g′ ⊗ f ′) := gg′ ⊗ fg(f ′).
؀ G∗S ͸ҰൠʹඇՄ׵؀Ͱ͋Γɼ࿪Έ؀ͱݺ͹ΕΔɽ࿪Έ؀ G∗S ͸࣍ͷΑ͏ͳੑ࣭Λ࣋ͭɽ
*1 ୺຤ಛҟ఺ͱॻ͍ͯ͋Δจݙ΋͋Γ·͕͢ɼ͜͜Ͱ͸ [઒ຢ]΍ [ށా]ʹ߹Θͤͯ຤୺ಛҟ఺ͱݺͿ͜ͱʹ͠·͢ɽ
1   
??
(a) Ξʔϕϧݍͷಉܕ mod(G∗S) ≃ cohG(Cn)͕ଘࡏ͢Δɽ͜͜Ͱɼmod(G∗S)͸༗ݶੜ੒ӈՃ܈
ͷݍɼcohG(Cn)͸ Cn ্ͷ Gಉม࿈઀૚ͷݍͰ͋Δɽಛʹɼmod(G∗S)͸༗ݶେҬ࣍ݩͰ͋Δɽ
(b) SG ୅਺ͷಉܕ G ∗S ≃ EndSG(S) ͕ଘࡏ͢ΔɽEndSG(S) ͸ۃେ Cohen-Macaulay SG-Ճ܈Ͱ
͋Δ͜ͱ͕஌ΒΕ͍ͯΔɽ
Ҏ্͔Βɼ͜ͷ৔߹ɼSG Ճ܈ S ͕ NCCR G∗S Λ༩͑Δɽ
McKayରԠͷॏཁͳ݁ՌͷҰ͕ͭɼn ≤ 3ͷ৔߹ʹ Gorenstein঎ಛҟ఺ Cn /Gͷ CCRʢͷͻͱͭʣ͕
G-ώϧϕϧτεΩʔϜ HilbG(Cn)ͱͯ͠ߏ੒Ͱ͖Δ͜ͱͰ͋Δ͕ɼ͜ͷ HilbG(Cn)͸ઌ΄Ͳݴٴͨ͠ݍಉ஋
mod(G∗S) ≃ cohG(Cn)Λ௨ͯ͠ӈ G∗S Ճ܈ͷϞδϡϥΠۭؒͩͱࢥ͏͜ͱ͕Ͱ͖ΔɽVan den Bergh͸
͜ΕΛҎԼͷΑ͏ʹ֦ுͨ͠ɽ
ఆཧ 3ʢ[VdB04b]ʣ 3 ࣍ݩҎԼͷ Gorenstein C ੔Ҭ R ͕ NCCR Λ Λ࣋ͭͱ͢Δɽ͜ͷͱ͖ɼӈ Λ Ճ܈








ఆٛ 5 Y → SpecR ΛࣹӨతͳࣹͱ͢ΔɽY ্ͷϕΫτϧଋ T ͕܏ࣼϕΫτϧଋͰ͋Δͱ͸ɼ࣍ͷ৚͕݅
ຬͨ͞ΕΔ͜ͱͰ͋Δɽ
(1) T ͸ඇ༗քಋདྷݍ D(Qcoh(Y )) ͷੜ੒ର৅Ͱ͋Δɽ͢ͳΘͪɼ೚ҙͷ E ∈ D(Qcoh(Y )) ʹରͯ͠ɼ
RHomY (T,E) ≃ 0ͳΒ E ≃ 0͕੒Γཱͭɽ
(2) ΤΫεςϯγϣϯͷফ໓ ExtiY (T, T ) = 0͕ i ̸= 0ʹରͯ͠੒Γཱͭɽ
໋୊ 6ʢcf. [TU10]ʣ Y → SpecRΛࣹӨతͳࣹɼT Λ Y ্ͷ܏ࣼϕΫτϧଋͱ͢Δɽ͜ͷͱ͖ɼ࣍ͷؔख
͕ݍಉ஋Λ༩͑Δɽ
RHom(T,−) : Db(coh(Y )) ∼−→ Db(mod(EndY (T ))).
܏ࣼϕΫτϧଋͱ NCCRͱͷؔ܎͸࣍Ͱ༩͑ΒΕΔɽ
໋୊ 7 φ : Y → SpecR Λ CCRɼT Λ Y ্ͷ܏ࣼϕΫτϧଋͱ͢Δɽ͜ͷͱ͖ɼR ୅਺ͷಉܕ
EndR((φ∗(T ))∨∨) ≃ EndY (T )͕ଘࡏ͠ɼՃ܈ (φ∗(T ))∨∨ ͸ Rͷ NCCR EndY (T )Λ༩͑Δɽ
૒༗ཧࣹ φͷྫ֎ू߹͕ҼࢠΛؚ·ͳ͍ɼ·ͨ͸ T ͕ࣗ໌௚ઢଋ OY Λ௚࿨Ҽࢠʹ΋ͭͳΒ͹ɼφ∗(T )͸
൓ࣹత RՃ܈Ͱɼೋॏ૒ରΛऔΔඞཁ͸ͳ͍ɽ
CCR Y ্ͷ܏ࣼϕΫτϧଋ T ͔Β࡞ΒΕͨ NCCR EndY (T )͸ɼ܏ࣼϕΫτϧଋͷੑ࣭ʹΑͬͯ Y ͱಋ
དྷಉ஋ʹͳΔɽΑΓҰൠʹ࣍ͷ͜ͱ͕༧૝͞Ε͍ͯΔɽ
༧૝ 8 Rʢ·ͨ͸ SpecRʣͷ͢΂ͯͷ CCRͱ NCCR͸ޓ͍ʹಋདྷಉ஋ʹͳΔͩΖ͏ɽ
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??
͜ͷ༧૝͸ 3࣍ݩҎԼͰ͸ਖ਼͍͜͠ͱ͕஌ΒΕ͍ͯΔɽ
஫ҙ 9 NCCRΛ࣋ͭਖ਼ن Gorensteinಛҟ఺͸ࣗಈతʹ༗ཧಛҟ఺ʢ͢ͳΘͪඪ४ಛҟ఺ʣʹͳΔ͜ͱ͕஌
ΒΕ͍ͯΔɽ3࣍ݩͷ৔߹ʹ͸ɼਖ਼ن Gorensteinඪ४ಛҟ఺͕ CCRΛ࣋ͭ͜ͱͱ NCCRΛ࣋ͭ͜ͱ͕ಉ஋
Ͱ͋Δͱ༧૝͞Ε͍ͯΔɽNCCRΛ࣋ͭͳΒ͹ CCRΛ࣋ͭ͜ͱ͸ Van den BerghʹΑͬͯࣔ͞Ε͍ͯΔͷ
Ͱɼະղܾͳͷ͸ CCRΛ࣋ͭͳΒ͹ NCCRΛ͔࣋ͭͱ͍͏఺Ͱ͋Δɽ্Ͱड़΂ͨΑ͏ʹɼ͜Ε͸ CCR͕
܏ࣼϕΫτϧଋΛ͔࣋ͭͱ͍͏໰୊ͱڧؔ͘࿈͍ͯ͠Δɽಛҟ఺͕ಛʹ຤୺ಛҟ఺ͳΒ͹܏ࣼϕΫτϧଋͷଘ
ࡏ͸ Van den BerghʹΑͬͯࣔ͞Ε͍ͯΔ [VdB04a]ɽඪ४ಛҟ఺ͷ৔߹ʹ΋ɼ͍͔ͭ͘ͷ৚݅ԼͰ͸܏ࣼϕ
Ϋτϧଋͷଘࡏ͕஌ΒΕ͍ͯΔ (cf. [TU10, IU16])ɽ
ͪͳΈʹɼ͜ͷ༧૝ͷࣗવͳߴ࣍ݩԽ͸൓ྫ͕ଘࡏِ͠Ͱ͋ΔɽNCCR Λ͕࣋ͭ CCR Λ࣋ͨͳ͍ྫͱɼ
CCRΛ͕࣋ͭ NCCRΛ࣋ͨͳ͍ྫ (cf. [IW14b])ͷ྆ํ͕͢Ͱʹ஌ΒΕ͍ͯΔɽ
CCR ͱ NCCR ͷಋདྷಉ஋͸ɼCCR ͱ NCCR ͷ༷ʑͳؔ࿈෇͚ͷ਌ۄతଘࡏͰ͋Δͱߟ͑ΒΕΔɽྫ
͑͹ɼCCR Y ্ʹ܏ࣼϕΫτϧଋ T ͕͋Ε͹ɼಋདྷಉ஋ʹΑͬͯด఺ y ∈ Y ͷߏ଄૚ Oy ͸༗ݶ࣍ݩͷ





CCR ΍ NCCR ͸ଘࡏͯ͠΋Ұҙͱ͸ݶΒͣɼ3 ࣍ݩҎ্Ͱ͸Ұൠʹෳ਺ଘࡏ͢Δɽ;ͨͭͷ CCR ͸ϑ
ϩοϓͰͭͳ͕Δ͜ͱ͕஌ΒΕ͍ͯΔɽҰํͰɼNCCR͔Βผͷ NCCRΛߏ੒͢Δํ๏͕ҏࢁ-Wemyssʹ






R ΛՄ׵ͳਖ਼ن Gorenstein C ੔Ҭͱ͠ɼM Λ൓ࣹత R Ճ܈Ͱ NCCR EndR(M) Λ༩͑Δ΋ͷͱ͢Δɽ
ϛϡʔςʔγϣϯͱ͍͏ૢ࡞͸ɼM ͷ௚࿨Ҽࢠ N ʹରͯ͠ఆٛ͞ΕΔɽ·ͣɼM = N ⊕N c ͱදࣔͨ͠ͱ
͖ɼN c ͷӈ (addN)-approximation
a : N0 → N c
ΛऔΔɽa : N0 → N c ͕ӈ (addN)-approximation Ͱ͋Δͱ͸ɼN0 ͕ add(N) ͷཁૉͰ͋Γɼ͔ͭ
Hom(N,−)Λద༻ͯ͠ಘΒΕΔࣹ
Hom(N, a) : Hom(N,N0 )→ Hom(N,N c)
͕શࣹʹͳΔ͜ͱΛݴ͏ɽ͜͜ͰɼM ͷ N ʹΑΔϛϡʔςʔγϣϯ͸
µN (M) := N ⊕Ker(a)
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??
Ͱఆٛ͞ΕΔ*2ɽapproximationͷऔΓํ͸ҰൠʹҰҙͰ͸ͳ͍͕ɼಘΒΕΔՃ܈͸ add-ดแͷࠩΛআ͍ͯ
ҰҙతͰ͋Δɽͭ·Γɼ৿ాಉ஋ʹΑΓΞʔϕϧݍ mod(EndR(µN (M)))͸ approximationͷऔΓํʹґΒ
ͳ͍ɽ
஫ҙ 10 µN (M)͸࠶ͼ N Λ௚࿨Ҽࢠʹ΋ͭͷͰɼµN (M)Λ͞Βʹ N Ͱϛϡʔςʔγϣϯ͢Δͱ͍͏܁Γ
ฦ͠ͷૢ࡞͕ՄೳʹͳΔɽ͜ͷࣄ࣮͸ޙʹॏཁʹͳͬͯ͘Δɽ
ϛϡʔςʔγϣϯʹ͍ͭͯҎԼͷ͜ͱ͕੒Γཱͭɽ
ఆཧ 11ʢ[IW14a]ʣ R ΛՄ׵ͳਖ਼ن Gorenstein C ੔ҬɼM Λ൓ࣹత R Ճ܈Ͱ NCCR EndR(M) Λ༩͑
Δ΋ͷɼN ΛM ͷ௚࿨Ҽࢠͱ͢Δɽ
(1) µN (M)΋ Rͷ NCCRΛ༩͑Δɽ
(2) ಋདྷಉ஋ ΦN : Db(EndR(M))→ Db(EndR(µN (M))) ͕ଘࡏ͢Δɽ
NCCRʢΛ༩͑ΔՃ܈ʣ͔Β৽͍͠ NCCRʢΛ༩͑ΔՃ܈ʣΛߏ੒͠ɼಋདྷಉ஋·Ͱ༩͑Δ͜ͱ͕Ͱ͖Δ
ϛϡʔςʔγϣϯ͸ɼNCCRͷ෼ྨ໰୊ͷ؍఺͔Β΋ඇৗʹڵຯਂ͍ૢ࡞Ͱ͋Δɽྫ͑͹ɼதౢ͸൓ࣹతϙ




φ : Y → X = SpecRΛ༗ཧۂઢ C ⊂ Y ͷϑϩοϓऩॖͰ͋Δͱ͢Δɽ͜ͷͱ͖ɼภ۶࿈઀૚ͷΞʔϕϧ
ݍ 0 Per(Y/X)ͱ͍͏΋ͷ͕ಋདྷݍ Db(Y )ͷ֩ͱͯ͠ఆٛ͞ΕΔɽ͜ͷΞʔϕϧݍ 0 Per(Y/X)͸ࣹӨੜ੒
ର৅ T Λ࣋ͪɼಋདྷಉ஋
ΨT := RHomY (T,−) : Db(Y )→ Db(EndY (T ))
Ͱ͋ͬͯ ΨT (0 Per(Y/X)) = mod(EndY (T )) Ͱ͋Δ΋ͷΛ༩͑Δ͜ͱ͕ɼVan den Bergh ʹΑͬͯࣔ͞Ε
͍ͯΔ [VdB04a]ɽࣹӨੜ੒ର৅ T ͸࣮͸ Y ্ͷ܏ࣼϕΫτϧଋͰ͋ΓɼR Ճ܈ φ∗(T ) ͸൓ࣹతͰ NCCR
EndY (T )Λ༩͑ΔɽՃ܈ φ∗(T )͸͋ΔՃ܈M Λ༻͍ͯ φ∗(T ) = R⊕M ͱ͍͏ܗΛ͍ͯ͠Δɽ
Ұํɼϑϩοϓ φ′ : Y ′ → X ͱ Y ͷؒʹ͸ɼϑΝΠόʔੵ Y ×X Y ′ ͷߏ଄૚Λ֩ͱ͢ΔϑʔϦΤɾ޲Ҫܕ
ͷಋདྷಉ஋
Flop : Db(Y )→ Db(Y ′)
͕ଘࡏ͢Δ͜ͱ͕ Bridgeland-Chen ʹΑͬͯࣔ͞Ε͍ͯΔɽ࣮͸͜ͷಋདྷಉ஋ Flop ͸࣍ͷΑ͏ʹϛϡʔ
ςʔγϣϯͷݴ༿ͰҎԼͷΑ͏ʹղऍͰ͖Δ͜ͱ͕WemyssʹΑͬͯࣔ͞Ε͍ͯΔɽϑϩοϓ Y ′ ଆʹ΋ಉ༷
ͷํ๏Ͱߏ੒͞ΕΔภ۶࿈઀૚ͷΞʔϕϧݍ 0 Per(Y ′/X)͕͋Γɼ͜ΕͷࣹӨੜ੒ର৅ͱͯ͠܏ࣼϕΫτϧ
ଋ T ′ ͕ಘΒΕΔɽNCCR EndY ′(T ′)Λ༩͑ΔՃ܈ φ′∗(T ′)͸ɼ͋ΔՃ܈M ′ Λ༻͍ͯ φ′∗(T ′) = R ⊕M ′ ͱ
ॻ͚Δ͕ɼM ̸=M ′ Ͱ͋Δɽ͔͠͠ɼ࣍ͷ͜ͱ͕ݴ͑Δɽ
*2 ߨԋͰ͸ࠨϛϡʔςʔγϣϯΛఆ͕ٛͨ͠ɼ͜ͷϊʔτͰ͸ӈϛϡʔςʔγϣϯΛ࢖͏ɽಘΒΕΔؔख͸ӈͱࠨͰޓ͍ʹٯؔखʹ
ͳΔɽ
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??
ఆཧ 12ʢ[Wem17]ʣ µR(φ∗(T )) = φ′∗(T ′)Ͱ͋Γɼؔखಉܕ
ΦR ≃ Ψ′T ′ ◦Flop◦Ψ−1T : Db(EndY (T ))→ Db(EndY ′(T ′))
͕ଘࡏ͢Δɽ͜͜Ͱ ΦR ͸ϛϡʔςʔγϣϯʹ෇ਵ͢Δಋདྷಉ஋Ͱ͋Δɽ
ͭ·Γɼ0 PerΛ༻͍ͯ CCRͱ NCCRΛඪ४తʹؔ࿈෇͚ͨࡍɼϛϡʔςʔγϣϯ͸ϑϩοϓͷରԠ෺ʹ
ͳ͍ͬͯΔɽ
ྫ 13 3 ࣍ݩ Atiyah ϑϩοϓͷ৔߹ʹ۩ମతʹܭࢉ্ͯ͠هͷఆཧͷϛϡʔςʔγϣϯͷܭࢉΛ֬ೝ͠
ͯΈΔɽY ͱ Y ′ ͸ P1 ্ͷ OP1(−1)⊕2 ͷશۭؒͰɼϑϩοϓऩॖͰ͸ྵ੾அ P1 ͕ऩॖ͢Δɽऩॖʹݱ
ΕΔͷ͸ A1 ୯७ಛҟ఺Λ࣋ͭΞϑΟϯ୅਺ଟ༷ମ X = SpecC[x, y, z, w]/(xy − zw) Ͱ͋ΔɽY ΍ Y ′ ͸
Picard ਺ 1 ͰɼͦΕͧΕͷΞϯϓϧੜ੒ݩΛ OY (1), OY ′(1) Ͱද͢ɽߏ੒Λ௥͑͹ T = OY ⊕ OY (−1)ɼ
T ′ = OY ′ ⊕ OY ′(−1) Ͱ͋Δ͜ͱ͕෼͔ΔɽϑϩοϓͰ͋Δ͜ͱ͔ΒMa := φ∗OY (a) ≃ φ′∗OY ′(−a) ͳͷ
Ͱɼφ∗(T ) = R ⊕M−1 ̸= φ′∗(T ′) = R ⊕M1 Ͱ͋ΔɽೋͭͷՃ܈ φ∗(T ), φ′∗(T ′)͕ϛϡʔςʔγϣϯͰܨ͕
Δ͜ͱΛݟΑ͏ɽ·ͣ Y ′ ͕ P1 ্ͷϕΫτϧଋͷશۭؒͰ͋Δ͜ͱ͔ΒɼY ′ ্ʹ͸ࣗવͳ׬શྻ
0→ OY ′(−1)→ O⊕2Y ′ → OY ′(1)→ 0
͕͋Δɽ͜ΕΛ φ′ Ͱԡ͠ग़͢͜ͱͰɼRՃ܈ͷ׬શྻ
0→M1 → R⊕2 →M−1 → 0
͕ಘΒΕΔɽ؆୯ͳܭࢉ͔ΒR⊕2 →M−1 ͸M−1 ͷӈ (addR)-approximationͰ͋Δ͜ͱ͕෼͔ΓɼΑͬͯ
µR(φ∗(T )) = µR(R⊕M−1 ) = R⊕M1 = φ′∗(T ′)
ͱܭࢉͰ͖Δɽಉ༷ʹ Y ଆͷزԿΛ༻͍ͯ׬શྻ
0→M1 → R⊕2 →M−1 → 0




′)) = φ∗(T )








·ͣ޲ҪϑϩοϓͷہॴϞσϧͷزԿΛ෮श͢Δɽn ≥ 2ʹରͯ͠ V Λ n+1࣍ݩϕΫτϧۭؒͱ͠ɼn࣍ݩ
ࣹӨۭؒ P := P(V )ͱ૒ରࣹӨۭؒ P∨ := P(V ∨)Λߟ͑ΔɽͦΕͧΕͷ༨઀ଋͷશۭؒΛ Y := Tot(ΩP ),
5   
??






͕ಘΒΕΔɽ;ͨͭͷϒϩʔΞοϓ pͱ q ͷྫ֎Ҽࢠ͸Ұக͠ɼ͜ΕΛ E Ͱද͢ɽ͜ͷਤ͔ࣜΒ༠ಋ͞ΕΔ
૒༗ཧࣸ૾ Y !!" Y ′ Λ޲ҪϑϩοϓͱݺͿɽϑϩοϓऩॖʹݱΕΔಛҟΞϑΟϯଟ༷ମ X ͸ Aܕۃখႈྵ
يಓดแͱݺ͹ΕΔಛҟγϯϓϨΫςΟοΫଟ༷ମͰ།Ұͷݽཱಛҟ఺Λ࣋ͭɽ
͜ͷϑϩοϓʹରͯ͠ɼWemyss ʹΑΔ 3 ࣍ݩϑϩοϓͷ৔߹ͷྨࣅͷ݁Ռ͕ಘΒΕΔ͜ͱΛݟΔɽͦͷ
ͨΊʹ͸ภ۶࿈઀૚ͷΞʔϕϧݍ 0 Per(Y/X) ͕ͳ͚Ε͹ͳΒͳ͍ɽߴ࣍ݩϑϩοϓऩॖʹରͯ͠Ξʔϕϧ
ݍ 0 Per(Y/X) ΛҰൠతʹఆٛ͢Δํ๏͸஌ΒΕ͍ͯͳ͍͕ɼ޲Ҫϑϩοϓͷ৔߹ʹ͸ށా-্ݪʹΑͬͯ
0 Per(Y/X)͕༩͑ΒΕ͍ͯΔ [TU10]ɽ
0 Per(Y/X)ͱ 0 Per(Y ′/X)ͷࣹӨੜ੒ର৅͸ͦΕͧΕ
T := OY ⊕OY (−1)⊕ · · · OY (−n)
T ′ := OY ′ ⊕OY ′(−1)⊕ · · · OY ′(−n)
Ͱ༩͑ΒΕΔɽ͜͜ͰɼOY (1)΍OY ′(1)͸Ξϯϓϧੜ੒ݩΛද͢ɽϑϩοϓͳͷͰ φ∗OY (a) ≃ φ′∗OY ′(−a)





໋୊ 14ʢ[H17b]ʣ φ : Z → V = Spec(R)Λ CCRͱ͢ΔɽW Λ Z ্ͷϕΫτϧଋɼ
0→ El fl−→ El−1 fl−1−−−→ · · · f2−→ E1 f1−→ E0 → 0
Λ Z ্ͷϕΫτϧଋͷ׬શྻͰҎԼͷ৚݅Λຬͨ͢΋ͷͱ͢Δɽ
(i) T1 = E0 ⊕W ͱ Tl = El ⊕W ͸ Z ্ͷ܏ࣼϕΫτϧଋͰ͋Δɽ
(ii) W ͸ OZ Λ௚࿨Ҽࢠͱؚͯ͠Ήɽ
(iii) 1 ≤ i ≤ l − 1ʹର͠ɼEi ͸W ͷ add-ดแ add(W )ʹؚ·ΕΔ.
͜ͷͱ͖ɼ࣍ͷ͜ͱ͕੒Γཱͭɽ
(1) 1 ≤ i ≤ lʹର͠ Ti :=W ⊕ Im(fi)͸܏ࣼϕΫτϧଋͰ͋Δ.
(2) N := φ∗(W )ɼMi := φ∗(Ti)ͳͲͱ͓͘ͱɼ
µN (Mi) ≃Mi+1
͕ 1 ≤ i ≤ l − 1ʹରͯ͠੒Γཱͭɽ.
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(3) ؔखಉܕ
ΦN ≃ RHomEnd(Mi)(HomZ (Ti, Ti+1 ),−) : Db(mod(End(Mi))) ∼−→ Db(mod(End(Mi+1 )))







͜ͷ໋୊Λ༻͍ͯ޲Ҫϑϩοϓͷ৔߹ʹϛϡʔςʔγϣϯΛܭࢉ͠Α͏ɽܭࢉʹ༻͍Δ׬શྻ͸ Y ′ ্ͷ௕
ΦΠϥʔܥྻ
0→ OY ′(−1)→ O⊕n+1Y ′ → · · ·→ OY ′(n− 1)⊕n+1 → OY ′(n)→ 0
Ͱ͋ΔɽW ′0 := OY ′ ⊕ · · · OY ′(n− 1), N0 := φ′∗(W ′0 )ͱ͢Δͱɼ໋୊ʹΑΓ N0 Ͱͷ nճͷϛϡʔςʔγϣ
ϯͷ܁Γฦ͠ µN0 · · ·µN0(φ′∗((T ′)∨))͸
µN0 · · ·µN0(φ′∗((T ′)∨)) =: µnN0(φ′∗((T ′)∨)) = φ′∗((T ′)∨ ⊗OY ′(−1))
ͱͳΔɽW ′i :=W ′0 ⊗OY ′(−1), Ni := φ′∗(W ′i )ͳͲͱ͓͍ͯಉ༷ͷٞ࿦Λ͢Δͱɼ݁ہ
µnNn−1 · · ·µnN1µnN0(φ′∗((T ′)∨)) ≃ φ′∗((T ′)∨ ⊗OY ′(−n)) ≃ φ′∗(T ′)
ͱͳΔɽφ∗(T ) ≃ φ′∗((T ′)∨)ͩͬͨͷͰɼ
µnNn−1 · · ·µnN1µnN0(φ∗(T )) ≃ φ′∗(T ′)














ఆཧ 15ʢ[H17a], cf. [Kaw02, Nam03]ʣ ্هͷΑ͏ʹͯ͠ಘͨಋདྷಉ஋͸ɼϑΝΠόʔੵ Y ×X Y ′ ͷߏ଄
૚Λ֩ͱ͢ΔϑʔϦΤɾ޲Ҫม׵ͱؔखಉܕʹͳΔɽ
஫ҙ 16 શ͘ಉ༷ͷٞ࿦Ͱɼߴ࣍ݩͷ Atiyahϑϩοϓʢ= standardϑϩοϓʣͷ৔߹΋ಉ༷ͷ݁Ռ͕ಘΒ
ΕΔɽ
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2.4 Abuafϑϩοϓͷ৔߹
࠷ۙ AbuafʹΑͬͯ 5࣍ݩͷ୯७ϑϩοϓͷྫ͕ൃݟ͞Εͨ [Seg16] *3ɽLiʹΑΕ͹ɼ5࣍ݩҎԼͷ୯७
ϑϩοϓ͸ Atiyahϑϩοϓɼ޲ҪϑϩοϓɼAbuafϑϩοϓʹݶΒΕΔ [Li17]ɽ
AbuafϑϩοϓͷہॴϞσϧ͸࣍ͷΑ͏ʹͯ͠ߏ੒͞ΕΔɽV Λ 4࣍ݩγϯϓϨΫςΟοΫϕΫτϧۭؒ
ͱ͢ΔɽϥάϥϯδΞϯάϥεϚϯ LGr := LGr(2, V )͸ 3࣍ݩ 2࣍௒ۂ໘Ͱɼͦͷීวଋ S ʹରͯ͠શۭؒ
Y := Tot(S(−1))͸ 5࣍ݩہॴ Calabi-Yauଟ༷ମʹͳΔɽҰํɼࣹ ӨԽ P := P(V )্Ͱ͸γϯϓϨΫςΟο
Ϋܗ͕ࣜόϯυϧࣸ૾ OP(−1)→ ΩP(1)ΛఆΊΔ͕ɼ͜ΕΛ༻͍ͯ Y ′ := Tot ((Ω(1)/O(−1))⊗O(−2))ͱ






͕ AbuafϑϩοϓͰ͋ΔɽAbuafϑϩοϓ͸ɼͦΕͧΕϑϩοϓऩॖͷྫ֎ू߹͕ LGr ≃ Q3 ͱ P = P3 Ͱ
͋Γɼಛʹޓ͍ʹಉܕͰͳ͍ͱ͍͏ಛ௃Λ࣋ͭɽ
ࢴ਺ͷ౎߹Ͱৄࡉ͸ল͕͘ɼҎԼͷ͜ͱΛࣔ͢͜ͱ͕Ͱ͖ͨɽ
ఆཧ 17ʢ[H17b]ʣ (1) Abuafϑϩοϓͷ৔߹ʹ΋ɼށా-্ݪͷภ۶࿈઀૚ͷΞʔϕϧݍ 0 Per(Y/X)΍
0 Per(Y ′/X)͕ߏ੒Ͱ͖Δ (cf. [TU10])ɽ
(2) 0 Per(Y/X)ͷࣹӨੜ੒ର৅ͷ܏ࣼϕΫτϧଋ͸
T = OY ⊕OY (−1)⊕OY (−2)⊕ S(−2)
Ͱ͋Δɽ͜͜Ͱ S ͸ීวଋͷ Y ΁ͷҾ͖໭͠Ͱ͋Δɽ0 Per(Y ′/X) ͷࣹӨੜ੒ର৅ͷ܏ࣼϕΫτϧ
ଋ͸
T ′ = OY ′ ⊕OY ′(−1)⊕OY ′(−2)⊕ Σ(−2)
Ͱ͋Δɽ͜͜ͰɼH1 (Y ′,OY ′(−3)) ≃ CͰ͋ΓɼΣ͸ඇࣗ໌ͳ֦େ
0→ OY ′(−1)→ Σ→ OY ′(2)→ 0
ͰಘΒΕΔϕΫτϧଋͰ͋Δɽ
(3) φ∗(T )ͱ φ′(T ′)͸ϛϡʔςʔγϣϯͰܨ͕Γɼ޲Ҫϑϩοϓͷ৔߹ͱಉ༷ʹͯ͠ಘΒΕΔ CCRͷಋ
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3 πΠετؔखͱ NCCRͷϛϡʔςʔγϣϯ
ϛϡʔςʔγϣϯ͸ɼCCRؒͷಋདྷಉ஋Ҏ֎ʹ΋ɼπΠετܥͷࣗݾಉ஋ؔख (cf. [ST01, HT06])ͱ΋ؔ
࿈͢Δɽ
3.1 3࣍ݩͷ৔߹
2.2અͱಉ͡ه߸Λ༻͍ΔɽಛʹɼT , T ′ ͰͦΕͧΕ Y , Y ′ ্ͷ Van den Berghͷ܏ࣼϕΫτϧଋΛද͢ɽ
2.2આͰ͸ɼϛϡʔςʔγϣϯ͕ µR(φ∗(T )) ≃ φ∗(T ′)ͱܭࢉ͞ΕΔ͜ͱΛݴ͍ɼ͜ͷϛϡʔςʔγϣϯ͔Β
ಘΒΕΔ Y ͱ Y ′ ͷؒͷಋདྷಉ஋͕ Bridgeland-Chenͷಋདྷಉ஋ͱؔ܎͢Δ͜ͱΛड़΂ͨɽ
ҰํɼY ͱ Y ′ ΛೖΕସ͑Ε͹ɼµR(φ∗(T ′)) ≃ µR(φ∗(T ))Ͱ͋Δ͜ͱ΋෼͔Δɽͭ·Γɼ
µRµR(φ∗(T )) ≃ φ∗(T )
ͱͳΓɼR Ͱͷϛϡʔςʔγϣϯ͸पظ 2Λ΋ͭɽ֤ϛϡʔςʔγϣϯͰಘΒΕΔಋདྷಉ஋Λ߹੒͢Δ͜ͱ
ͰɼEndY (T )ͷಋདྷࣗݾಉ஋
Φ2R ∈ Auteq(Db(EndY (T )))
͕ಘΒΕΔɽ2.2ΑΓ͜Ε͸ϑϩοϓ-ϑϩοϓͱݺ͹ΕΔಋདྷࣗݾಉ஋ؔख
Flop◦Flop ∈ Auteq(Db(Y ))
ͱؔखಉܕʹͳΔɽDonovan-Wemyss͸͜ͷಋདྷࣗݾಉ஋ʹؔͯ࣍͠Λࣔͨ͠ɿ
ఆཧ 18ʢ[DW16]ʣ ϑϩοϓऩॖ͢Δ༗ཧۂઢ C ≃ P1 ʹର͠ɼE = OC(−1)ͱ͢Δɽϛϡʔςʔγϣϯ
͔Βఆ·Δࣗݾಉ஋ؔख Φ2R ∈ Auteq(Db(EndY (T )))͸ಋདྷಉ஋ RHomY (T,−) : Db(Y )→ Db(EndY (T ))
ͷ΋ͱͰϑϩοϓ-ϑϩοϓࣗݾಉ஋ؔख Flop◦Flop ∈ Auteq(Db(Y ))ͱରԠ͠ɼ͞Βʹ Flop◦Flop͸ E
͔Βఆ·ΔඇՄ׵πΠετؔख T ncE ͷٯؔखͱؔखಉܕʹͳΔɽ
ͭ·ΓɼNCCRͷ RͰͷपظ 2ͷϛϡʔςʔγϣϯ͔Βఆ·Δࣗݾಉ஋ؔखʢͷٯؔखʣͱͯ͠πΠετ
ؔखΛղऍͰ͖Δɽ
C ͕ (−1,−1)-ܕͷۂઢͷ৔߹͸ɼE ͸ Db(Y )ٿ໘ର৅Ͱ͋ΓɼඇՄ׵มܗؔख͸ E Ͱఆٛ͞ΕΔٿ໘π
Πετ TEɼ͢ͳΘͪ׬શࡾ֯
RHomY (E,−)⊗ E → id→ TE
Ͱද͞ΕΔ΋ͷʹͳΔɽC ͕ (−1,−1)-ܕͰͳ͍৔߹͸ɼExt1Y (E,E) ̸= 0ͱͳΓ E ͸ٿ໘ର৅Ͱ͸ͳ͍͕ɼ
͜ͷ Ext1Y (E,E)ʹରԠ͢ΔඇՄ׵มܗͷීว૚ E ∈ Db(Y )͕ଘࡏͯ͠, ඇՄ׵มܗؔख T ncE ͸׬શࡾ֯
RHomY (E ,−)⊗Λcon E → id→ TE
ʹݱΕΔؔखʹͳΔɽ͜͜Ͱ Λcon ͸ίϯτϥΫγϣϯ୅਺ͱݺ͹ΕΔʢҰൠʹ͸ඇՄ׵ͳʣAritin؀Ͱ͋Δɽ
ৄࡉ͸ݪ࿦จΛࢀরɽ
ྫ 19 ྫ 13ͱಉ༷ɼAtiyahϑϩοϓͷ৔߹Λߟ͑Δɽྫ 13Ͱ͸ɼY ′ ্ͷϕΫτϧଋͷ׬શྻΛ༻͍ͯ
µR(φ∗(T )) = µR(R⊕M−1 ) = R⊕M1 = φ′∗(T ′)
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ͱܭࢉͨ͠ɽҰํɼྫ 13ͷ࠷ޙͰड़΂ͨΑ͏ʹɼY ্ͰରԠ͢Δ׬શྻ
0→ OY (−1)→ O⊕2Y → OY (1)→ 0
Λߟ͑ɼ͜ΕΛ SpecR্ʹԡ͠ग़͢ͱɼ׬શྻ
0→M−1 → R⊕2 →M1 → 0




′)) = µR(R⊕M1 ) = R⊕M−1 = φ∗(T )
ͱͳΔɽ͢ͳΘͪɼ
µRµR(φ∗(T )) = φ∗(T )
ͱͳΔɽϛϡʔςʔγϣϯ͔ΒಘΒΕΔࣗݾಉ஋ؔख Φ2R ∈ Auteq(Db(EndY (T ))) ͸ɼಋདྷಉ஋




2.3અͰ͸ Y ′ ্ͷ௕ΦΠϥʔܥྻ
0→ OY ′(−1)→ O⊕n+1Y ′ → · · ·→ OY ′(n− 1)⊕n+1 → OY ′(n)→ 0
ͱ W ′0 := OY ′ ⊕ · · · OY ′(n − 1), N0 := φ′∗(W ′0 ) ʹରͯ͠ɼN0 Ͱͷ n ճͷϛϡʔςʔγϣϯͷ܁Γฦ͠
µN0 · · ·µN0(φ′∗((T ′)∨))Λ
µN0 · · ·µN0(φ∗(T )) =: µnN0(φ′∗((T ′)∨)) = φ∗(T ⊗OY (1))
ͱܭࢉͨ͠ͷͰ͋ͬͨɽಉ༷ʹɼY ্ͷ௕ΦΠϥʔܥྻ Y ′ ্ͷ௕ΦΠϥʔܥྻ
0→ OY (−n)→ OY (−n+ 1)⊕n+1 → · · ·→ O⊕n+1Y → OY (1)→ 0
Λ༻͍ͯɼW0 = OY ⊕ · · ·⊕OY (−n+ 1)ʹର໋ͯ͠୊ 14Λ༻͍Δͱɼφ∗(W0 ) ≃ N0 ͳͷͰɼNCCRΛ༩
͑ΔՃ܈ φ∗(T ⊗OY (1))ͷ N0 ʹ͓͚Δ nճͷϛϡʔςʔγϣϯ͕
µN0 ◦· · ·◦µN0(φ∗(T ⊗OY (1))) =: µnN0(φ∗(T ⊗OY (1))) = φ∗(W0 ⊕OY (−n)) = φ∗(T )
ͱܭࢉͰ͖Δɽ࠷ॳͷܭࢉͱ߹ΘͤΔͱɼ
µ2nN0(φ∗(T )) = φ∗(T )
ͱͳΓɼφ∗(T )ͷ N0 ʹ͓͚Δϛϡʔςʔγϣϯ͸पظ 2nΛ࣋ͭɽ࣍ͷ͜ͱ͕ࣔͤΔɽ
ఆཧ 20ʢ[H17a]ʣ φ∗(T ) ͷ N0 ʹ͓͚Δ 2n ճͷϛϡʔςʔγϣϯ͔Βఆ·Δಋདྷࣗݾಉ஋ؔख Φ2nN0 ∈




஫ҙ 21 P-πΠετͱ޲Ҫϑϩοϓͷؔ܎ʹ͍ͭͯ͸ [ADM15]΋ࢀরͤΑɽ





S′0 = OY ′(1)⊕OY ′ ⊕OY ′(−1)⊕ Σ(−1)
ͱ S′0 ͔Βఆ·Δ NCCR EndY ′(S′0 )͔Βελʔτ͢Δɽ͜Ε͸ 2.4અͰ༩͑ͨ܏ࣼϕΫτϧଋͱ͸ҟͳΔ͕ɼ
S′0 ΋܏ࣼϕΫτϧଋʹͳΔ͜ͱ͸؆୯ͳίϗϞϩδʔͷܭࢉͰΘ͔ΔɽW ′ = OY ′ ⊕ OY ′(−1) ⊕ Σ(−1)ͱ
͓͘ͱɼS′1 :=W ′ ⊕OY ′(−2)΋܏ࣼϕΫτϧଋʹͳΔ͜ͱ͕෼͔ΓɼΑͬͯ ΣΛఆٛͨ͠୯׬શྻ
0→ OY ′(−2)→ Σ(−1)→ OY ′(1)→ 0
ʹ໋୊ 14͕ద༻Ͱ͖Δɽ͜ΕʹΑͬͯɼN := φ∗(W )ͱ͓͍ͨͱ͖ɼµN (φ′∗(S′0 )) ≃ φ′∗(S′1 )͕෼͔ΔɽҰํ
ͰɼY ্ͷϕΫτϧଋ
S1 := OY (2)⊕OY (1)⊕OY ⊕ S(1)
Λߟ͑Δͱɼ͜Ε΋ Y ্ͷ܏ࣼϕΫτϧଋͰɼφ∗(S1 ) ≃ φ′∗(S′1 ) ͱͳΔ͜ͱ͕෼͔Δ*4ɽʢφ∗(OY (a)) ≃
φ′∗(OY ′(−a)), φ∗(S(a)) ≃ φ′∗(Σ(−a))͕੒Γཱͭɽʣ
W := OY (1)⊕OY ⊕ S(1)
ͱஔ͍ͨͱ͖ɼS0 :=W ⊕OY (−1)΋ Y ্ͷϕΫτϧଋͰ͋Δɽ
࣍ͷิ୊͸ॏཁͰ͋Δɽ
ิ୊ 22ʢcf. [H17b]ʣ Y ্ʹ͸ϕΫτϧଋͷ௕׬શྻ
0→ OY (−1)→ O⊕5Y → S(1)⊕4 → OY (1)⊕5 → OY (2)→ 0
͕ଘࡏ͢Δɽ
্هͷ͜ͱΛ߹ΘͤΔͱɼ͜ͷ׬શྻͱW ʹର໋ͯ͠୊ 14͕ద༻Ͱ͖Δɽφ∗(W ) ≃ N ͳͷͰɼϛϡʔ
ςʔγϣϯͷܭࢉ͸
µ3N (φ∗(S1 )) ≃ φ∗(S0 )
ͱͳΔɽφ∗(S0 ) ≃ φ∗(S′0 ), φ∗(S1 ) ≃ φ′∗(S′1 )ͳͷͰɼ݁Ռͱͯ͠पظ 4ͷϛϡʔςʔγϣϯ




Φ4N ∈ Auteq(Db(EndY (S1 )))
͸ɼಋདྷಉ஋ RHomY (S1 ,−) : Db(Y ) → Db(EndY (S1 )) ͷ΋ͱͰɼྵ੾அ LGr ≃ Y0 ⊂ Y ্ͷ௚ઢଋ
OY0(−1)͔Βఆ·Δٿ໘πΠετؔखͷٯؔखʹؔखಉܕʹͳΔɽ
*4 S1 ΍ S′1 ͸ [Seg16]ͷதͰݚڀ͞Εͨ܏ࣼϕΫτϧଋͰ͋Δɽ
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ิ୊ʹ͍ͭͯɽ্هͷิ୊Ͱड़΂ͨ׬શྻ͸ɼزԿֶతͳํ๏Ͱ͸ͳ͘ɼLGrͷಋདྷݍͷྫ֎ੜ੒ྻ
Db(LGr) = ⟨O(−1),OY , S(1),O(1)⟩
͔Βผͷྫ֎ੜ੒ྻ






Y = TotPn(OPn(−n − 1)) ͱ͢ΔɽY ͸ Gorenstein ݽཱ८ճ঎ಛҟ఺ X = An+1/G ͷ CCR Ͱ͋Δɽ
OPn(a)ͷ Y ΁ͷҾ͖໭͠Λ OY (a)ͱॻ͘ͱɼ
T = OY ⊕ · · ·⊕OY (−n+ 1)⊕OY (−n)
͸ Y ্ͷ܏ࣼϕΫτϧଋͰ͋Δɽྵ੾அ Y0 ⊂ Y ͸ Y ͷҼࢠͰɼOY (Y0 ) ≃ OY (−n − 1)Ͱ͋ΔɽΑͬͯɼ
U = Y \Y0 ͱ͢ΔͱɼOU ≃ OU (n+ 1)Ͱ͋Γɼ͜ͷ͜ͱ͔Β
φ∗(OY (a)) ≃ φ∗(OY (a+ n+ 1))
͕ −n ≤ a ≤ −1ʹରͯ͠੒Γཱͭɽࠓɼ௕ΦΠϥʔྻ
0→ OY (−n)→ OY (−n+ 1)⊕n+1 → · · ·→ O⊕n+1Y → OY (1)→ 0
ͱW0 = OY ⊕ · · ·⊕OY (−n+ 1)ʹର໋ͯ͠୊ 14Λ༻͍ΔͱɼN = φ∗(W )ʹରͯ͠
µnN (φ∗(T )) ≃ φ∗(W ⊕OY (1)) ≃ φ∗(W )⊕ φ∗(OY (1)) ≃ φ∗(T )
ͱͳΔɽ͜ΕʹΑͬͯಋདྷࣗݾಉ஋ ΦnN ∈ Auteq(EndY (T )) ͕ಘΒΕΔɽ͜Ε͸ಋདྷಉ஋ RHomY (T,−) :
Db(Y )→ Db(EndY (T ))ͷ΋ͱͰɼྵ੾அ Y0 ⊂ Y ্ͷ௚ઢଋOY0(−n)͔Βఆ·Δٿ໘πΠετؔखͷٯؔ
खʹؔखಉܕʹͳΔɽ
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